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The stacks of Bose-Einstein condensates coupled by long Josephson junctions present a rich phe-
nomenology feasible to experimental realization and specially suitable for technological applications
as the nonlinear-optics and superconducting analogues have already proved. Among this, we show
that transverse Bloch waves excited in arrays of one-dimensional coupled condensates can carry
tunneling superflows whose dynamical stability depends on the quasimomentum. Across the stacks
with periodic boundary conditions, forming closed ring-shaped systems, such Bloch states yield
transverse Josephson vortices with a generic non-integer circulation in units of h/m. Additionally,
the superpositions of degenerate linear Bloch waves can suppress the supercurrents and give rise to
families of nonlinear standing-wave states with strong (transverse) spatial localization. Stable states
of this type can also be found in finite size systems.
I. INTRODUCTION
Quantum tunneling is one of the most striking phe-
nomena predicted by quantum mechanics. At a macro-
scopic scale it is named Josephson effect, and it is
a paradigm of the phase coherence manifestation of a
macroscopic quantum system. The theory of the Joseph-
son effect was developed by B. D. Josephson for super-
conducting electron pairs in 1962 [1]. Since then, it has
found multiple technological applications [2, 3]. More
recently, with the advent of Bose-Einstein condensates
(BECs) of ultracold atoms, the Josephson effect has been
demonstrated between two weakly linked condensates of
neutral bosonic atoms [4–6].
A bosonic, macroscopic quantum system can be de-
scribed by a complex order parameter whose squared
modulus and phase gradient provide the particle density
and the particle current, respectively. When two such
systems are connected by a weak link, that is a Josephson
junction, the macroscopic tunneling of particles through
the junction varies as the sine of the relative phase be-
tween the coupled order parameters. This supercurrent
can flow through point-like (or short) Josephson junc-
tions, as it is the case of the barrier in a double well
potential [5, 6], but also through long Josephson junc-
tions with a non-negligible spatial extension. In the latter
case, the relative phase can change along the junction and
the coherent transfer of particles occurs locally through
each point. Feasible realizations of long Josephson junc-
tions in ultracold atomic gases can be readily done by
Raman-laser coupling of different hyperfine components
of atomic BECs producing a so-called internal Josephson
effect [4, 7, 8], or by spatially separated BECs coupled
along their longitudinal direction, as we consider in the
present paper.
In general, the long Josephson junctions in BECs have
received less attention than the short ones. Most of the
previous works with systems containing long junctions
have focused on coupled binary BECs (see e.g. [9] and
references therein), and significant attention have been
paid to states containing localized Josephson vortices or
fluxons [10–14]. These topological structures are charac-
teristic of the long junctions and have been extensively
studied in superconductors because of their capability of
trapping magnetic flux [2]. They involve localized super-
currents around a vortex core situated in the Josephson
junction [15], and can be theoretically studied as analyti-
cal solutions to the sine-Gordon equation for the relative
phase of the coupled systems [2]. In this regard, one-
dimensional tunnel-coupled superfluids, as quantum sim-
ulator of the sine-Gordon equation, have been recently
realized in ultracold gases [16]. Within the mean field
framework, the dynamical properties of Josephson vor-
tices have been also studied in two coupled 1D BECs [10–
14, 17, 18]. Generalizations of Josephson vortex states to
tunnel-coupled spinor gases [19] and to multidimensional
spin-orbit coupled condensates [20] have been proposed.
Due to their potential for technical applications, the
arrays of linear and nonlinear coupled waveguides are the
subject of intense experimental and theoretical research
in optics (see e.g. [21, 22] and references therein), where
the discrete nonlinear Schro¨dinger equation serves as a
usual theoretical model of the array. Likewise, the stacks
of long Josephson junctions have been extensively studied
in superconductors, where the stacks can be modeled by
coupled sine-Gordon equations (see, for instance [23, 24]).
However, in BECs, as far as we know, up to date only
1D arrays of point-like Josephson junctions have been
experimentally realized [25]. There is not yet a wide the-
oretical exploration of bosonic-array systems with long
spatial couplings either. Nevertheless, different aspects of
the theory have been addressed: The superfluid-insulator
transition has been studied in two-dimensional (2D) ar-
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2rays of coupled 1D tubes against the absence or presence
of axial periodic potentials [26]; also, the propagation
of bright solitons in arrays of BECs with negative non-
linearity has been considered [27]; very recently, coupled
atomic wires have been proposed in ultracold-gas systems
for the generation of exotic phases in the presence of syn-
thetic gauge fields [28]; in addition, the arrays of parallel
one-dimensional long Josephson junctions in BECs with
positive nonlinearity have been demonstrated to provide
an excellent playground for the realization and stabiliza-
tion of solitary waves [29].
In this work we study, analytically and numerically,
a stack of linearly coupled 1D BECs with repulsive in-
terparticle interactions that gives rise to an underlying
array of coupled-parallel long Josephson junctions. In
particular, we consider stacks with periodic boundary
conditions forming closed, ring-shaped arrays. By solving
the Gross-Pitaevskii equation, the dynamics of stationary
states composing a transverse, discrete Bloch band is ad-
dressed. We show that the periodic boundary conditions
yield transverse vortex states that carry Josephson super-
currents. Interestingly, the Bogoliubov analysis reveals
that, with a quasimomentum dependence, these Joseph-
son vortices can be dynamically stable, hence susceptible
of experimental detection. From a hydrodynamical per-
spective, we also perform a long-wavelength linear analy-
sis that allow for a somehow simpler interpretation of the
system dynamics in terms of coupled wave equations for
the relative phases and densities. We demonstrate that,
only for particular states in the small coupling limit, also
known as the anti-continuum limit in the literature of dis-
crete systems, the resulting hydrodynamic model resem-
bles, although it cannot be fully identified with, the su-
perconducting models of coupled sine-Gordon equations.
Finally, we explore how the linear combinations of Bloch
waves lead to families of nonlinear states that cancel the
Josephson supercurrents and produce strongly localized
density profiles across the stack. In the limit of small cou-
pling, these states can also be dynamically stable against
perturbations in finite size systems.
The paper is organized as follows: in Sec. II we present
the theoretical model that describes the stack of lin-
early coupled BECs with periodic boundary conditions
in the mean-field framework. We investigate the station-
ary states of the system in Sec. III, in particular Bloch
waves and spatially localized states. Section IV is de-
voted to the analytical study of the linear stability of the
stationary states in the stack within the Bogoliubov ap-
proximation, and also within the hydrodynamic approach
for the small coupling regime of Bloch waves, which is
developed to a greater generality in the Appendix. The
comparison between analytical and numerical results is
presented in Sec. V, specially for transverse Josephson
vortices. The nonlinear dynamics of localized states is
discussed in Sec. VI. A final discussion together with the
conclusions are presented in Sec. VII.
FIG. 1. Sketch of a 1D-BEC array showing the order parame-
ters Ψj(x, t) =
√
nj(x, t) exp [iθj(x, t)] along each component
j, and the relative phases φj(x, t) = θj+1− θj along the junc-
tions. The discrete y-direction is effectively built through the
characteristic length δy =
√
~/mΩ determined by the coher-
ent coupling of frequency Ω between components.
II. MODEL OF LINEARLY COUPLED BECS
We consider a system of M 1D BECs having a co-
herent linear coupling of frequency Ω along the junc-
tions. Each BEC is described by a corresponding or-
der parameter Ψj(x, t) =
√
nj(x, t) exp [iθj(x, t)], where
nj and θj are the local density and phase, respectively,
and j = 1, 2, ...M labels the BECs in the stack. We
choose a particular arrangement with periodic boundary
conditions, so that the stack has a ring-shaped configu-
ration with also M coupling junctions. The j-th junc-
tion lies between the j-th and the (j + 1)-th compo-
nents, and the M -th junction connects the M -th and
the 1-st BECs. The total density of the system, nT (x) =∑
j |Ψj |2, is normalized to the total number of particles,
N =
∫
nT dx =
∑
j Nj , which is a conserved quantity,
and Nj is the number of particles in the j-th BEC. A
schematic representation of the system is shown in Fig. 1.
Detailed proposals for the experimental realization of
such systems in ultracold gases [29], including a gauge
dependent coupling [28], have been recently presented.
At zero temperature, within the mean-field framework,
the system can be described by a set of coupled Gross-
Pitaevskii (GP) equations, namely for the j-th compo-
nent:
i~
∂Ψj
∂t
=
(−~2
2m
∂2x + g |Ψj |2
)
Ψj − ~Ω
2
j+1∑
l=j−1
Ψl , (1)
where the sum on the right hand side extends to the first
neighbours (j−1) and (j+1), and m is the bosonic mass.
The 1D particle interaction strength is g = 2~ω⊥a, the s-
wave scattering length is assumed to be repulsive a > 0,
and ω⊥ is the frequency of a tight transverse trap.
For a later discussion, it is convenient to rewrite the GP
3Eq. (1) in hydrodynamic form, in terms of the densities
and phases:
∂nj
∂t
= − ∂
∂x
(njvj)
− Ω (√nj nj+1 sinφj −√nj nj−1 sinφj−1) ,
(2)
−~∂θj
∂t
= Qj +
mv2j
2
+ gnj
− ~Ω
2
(√
nj+1
nj
cosφj +
√
nj−1
nj
cosφj−1
)
, (3)
where φj = θj+1−θj is the relative phase between neigh-
bor BECs, vj = ~ ∂xθj/m is the superfluid velocity, and
Qj = −(~2/2m√nj)∂2x√nj is the quantum-pressure en-
ergy term.
Equation (2) is the continuity equation, and expresses
the particle conservation in the array. The local den-
sity nj(x) varies due to either changes in the axial cur-
rent, Jj(x) = nj(x)vj(x), within the j-th BEC, or due
to the Josephson current, Jj , across the adjacent junc-
tions. We define the latter current, by analogy with the
axial current, as Jj(x) = Nj(x)Vj(x), by means of a
geometric-mean density Nj = √nj nj+1, and a Joseph-
son velocity Vj = (~/mδy) sinφj , where δy =
√
~/mΩ is
the effective distance between BECs. With these defini-
tions, the last term of Eq. (2) corresponds to a discrete
derivative δJj/δy = (Jj − Jj−1)/δy of the Josephson
current. Along with the periodic boundary conditions in
the y-direction, it allows for the computation of a velocity
circulation around the stack
Γ =
∮
vy dy = δy
M∑
j=1
Vj = ~
m
M∑
j=1
sin φj . (4)
On the other hand, Eq. (3) is the equation of motion
for the phase, which varies locally according to the local
energy content. In a stationary state, where the time
variation of the phase is given by the frequency µ/~ (see
Eq. (5) below), µ being the chemical potential, the local
energy in the right hand side of Eq.(3) is the same (and
equals µ) at every point in the system.
III. STATIONARY STATES
The BEC stack forms a discrete lattice of M sites along
the y-direction, transverse to the common axial x-axis
(see Fig. 1). Since the effective (coupling-dependent) dis-
tance of separation between neighbor BECs is δy, the dis-
crete coordinate along the y-axis takes values yj = jδy
for each j-th BEC. The characteristic length δy has to
be compared with the healing length ξ = ~/√mg n, de-
termined by the axial density n of the BECs, so that the
ratio ξ/δy =
√
~Ω/gn measures the tunneling-coupling
strength.
A. Bloch states
The lattice configuration along y allows us to look for
stationary states that take the form of transverse Bloch
waves
Ψj,k(x, t) = ψ(x) exp [i(Kkyj − µkt/~)] , (5)
where ψ(x) is the axial wavefunction (with the period-
icity of the discrete lattice), and Kk is the transverse
quasimomentum. Due to the discreteness of the system,
the quasimomentum can take only M different integer
values within the first Brillouin zone:
Kk = 2pi
Mδy
× k, and k ∈ {0, ±1, ±2, . . . , bM/2c} ,
(6)
where bM/2c is the greatest integer less than or equal
to M/2. As a result, the product space of coordinate-
separated solutions (5) presents an M -fold symmetry for
each wave function ψ(x). All the k states but k = 0
and k = M/2 (when the latter exists), at the middle
and at the end, respectively, of the Brillouin zone, are
states supporting Josephson currents in the y-direction,
due to the existence of nonzero and non-pi relative phases
between consecutive condensates.
In what follows we focus on states whose axial part
is a momentum eigenstate ψ(x) =
√
n exp(iKx x). The
corresponding Bloch waves read
Ψj,k(x, t) =
√
n exp [i(Kx x+Kkyj − µkt/~)] , (7)
with stationary phases θj = k · r = Kx x + Kkyj , where
k and r are the momentum and spatial vectors, respec-
tively. The relative phases of the Bloch waves (7) are
φ = Kkδy = ±2pik /M , the same for all the j junc-
tions, and take values in the interval (−pi, pi]. Thus,
the Josephson currents are J = ±~n sin(2pik /M)/mδy,
which in the limit of large M and small k tend to
J = n ~Kk/m. Analogously, the transverse circulation
Eq. (4) gives Γk = ±M ~ sin(2pik /M)/m, and tends to
Γk = 2pi k ~/m in the same limit. The latter expression is
equivalent to the quantized circulation of a regular vor-
tex of charge k. We will refer to these discrete vortex
currents, associated with Bloch waves having a non-zero
circulation in the stack, as Josephson vortices. Note that
they are delocalized along the x-direction, and, unlike the
regular vortices, do not show in general an integer-valued
circulation in units of h/m.
By substituting the constant density states of the type
(7) in Eq. (1), or alternatively in Eq. (3), we get the
chemical potential of such Bloch waves
µk = gn+
~2K2x
2m
− ~Ω cos
(
2pik
M
)
, (8)
which takes values in the range µk ∈ gn + ~2K2x/2m +
[−~Ω, ~Ω], within a discrete band of energy width 2~Ω.
For given total density and axial momentum, the ground
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FIG. 2. Stationary states in a stack made of M = 3 cou-
pled BECs with zero axial momentum, constant axial den-
sity, and total-interaction-to-coupling ratio g nT /~Ω = 5. Top
panel: Chemical potential of Bloch waves Ψj,k, with definite
transverse quasimomentum indices k = 0, ±1 as given by the
horizontal axis, and standing waves Ψaj,|1| and Ψ
s
j,|1|, with-
out definite quasimomentum (the horizontal axis does not
apply) and originated at g nT /~Ω = 0 from linear combi-
nations of Bloch waves with |k| = 1. The vertical arrows
indicate the increment in chemical potential obtained by the
respective states from an equal increment in the total interac-
tion gnT = 5~Ω over the non-interacting limit. Bottom pan-
els: Density and phase of the Bloch waves with k = 1 (red
bars) and standing waves with |k| = 1 (cyan and magenta
bars) in each strand j = 1, 2, 3. The (not represented) states
k = 0, −1 have, ∀j, |Ψj,0| = |Ψj,−1| = |Ψj,1|, arg(Ψj,0) = 0,
and arg(Ψj,−1) = − arg(Ψj,1).
state of the system is the Bloch wave with zero quasi-
momentum Ψj,0, lying at the bottom of the band with
µk=0 = gn + ~2K2x/2m − ~Ω. In the limit 2pik/M  1,
expanding Eq. (8) up to quadratic terms one finds µk =
gn−~Ω+~2(K2x+K2k)/2m, which is a quadratic dispersion
(as in a fully 2D continuous system) around the ground
state. The top panel of Fig. 2 depicts the structure of
the discrete band of Bloch waves in the simplest case
with Kx = 0 for both the non-interacting (gnT = 0) and
the interacting (gnT 6= 0) regime of a stack with M = 3.
In the latter, the total interaction term (gnT = 5~Ω) is
the same for all the represented states, which is equiva-
lent to fix the whole number of particles N in the system
for given interaction strength g and (finite) axial length.
The open symbols, on the top of dashed lines represent-
ing Eq. (8) for a continuous index k, indicate the chemical
potential of the Bloch waves Ψj,k with k = 0, ±1. The
horizontal dotted lines serve as references for better see-
ing the energy degeneracies. The two lower panels of Fig.
2 plot also the density and phase of the nonlinear Bloch
wave with k = 1 (red bars) for each strand j = 1, 2, 3
(which varies along the horizontal axis).
B. Standing waves: localized states
Along with the Bloch waves, which realize transverse
current states with definite quasimomentum, the BEC
stack admits standing-wave solutions without definite
quasimomentum. Their existence can be tracked up to
the non-interacting regime (g = 0), where the standing
waves can be built from linear combination of energy-
degenerate Bloch waves (7) with same quasimomentum
modulus |k| [30]. Due to the finite size of the stack, such
combinations break the lattice symmetry and show dif-
ferences in the particle density between neighbor BECs,
which lies at the origin of the localized-density states in
periodic systems known as gap solitons [30]. It is also
worth noticing that, when integrated over the axial direc-
tion, the array of coupled 1D BECs can be described by
a discrete nonlinear Schro¨dinger model along the trans-
verse y-coordinate, where the existence and stability of
localized states have been extensively studied [31].
Within the non-interacting regime, for each pair of
energy-degenerate Bloch states with equal |k| one can
build also a pair of independent linear combinations with
equal weight, which we will denote by Ψsj,|k| and Ψ
a
j,|k|,
that have continuation into the nonlinear regime. In this
way, families of nonlinear states are built sharing the
same topology (node patterns) as the linear state from
which they are generated. The simplest example is the
(M = 3)-stack for the families of states originated at
g = 0 from the (real) symmetric Ψsj,|1| = Ψj,1 + Ψj,−1 ∝
cos(2pij/3) and antisymmetric Ψaj,|1| = Ψj,1 − Ψj,−1 ∝
sin(2pij/3) superpositions of Bloch waves with |k| = 1.
Since the stack has discrete translational symmetry along
the y-direction, the states Ψsj′,|1| and Ψ
a
j′,|1| with shifted
indices j′ = j + i for given i = 0, 1, ...,M − 1 (and
j′ = (j + i) (mod M) if (j + i) > M) are degener-
ate stationary states with density peaks and associated
phase patterns at different lattice sites. Figure 2 shows
the chemical potential (top panel), and the density and
the phase (at gnT = 5~Ω, bottom panels) of states be-
longing to these families in a system with zero axial mo-
mentum. Contrary to the original Bloch waves Ψj,±1
(either linear or nonlinear), which have equal density
across the stack, the antisymmetric states contain a nodal
strand Ψa2,|1| = 0 and two density peaks Ψ
a
1,|1| = −Ψa3,|1|,
whereas the symmetric states present a single density
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FIG. 3. Stationary density profile of localized states with one
density peak in a stack with M = 10 and different ratios
Ωˆ = ~Ω/2gn. The bars indicate the density of each BEC
component as calculated from the numerical solution of the
Gross-Pitaevskii equations (1), and the open symbols over
the bars mark the corresponding value given by the approx-
imation (10), derived in the small coupling regime Ωˆ  1.
Density values below 10−10 are not shown.
peak ns2,|1| > (n
s
3,|1| = n
s
1,|1|). As can be seen in the
bottom panel of Fig. 2 for the symmetric state, the den-
sity localization increases as the states go deeper into the
nonlinear regime. For the same total density nT in the
stack, that is for the same total number of particles at
given axial length (as represented in the top panel of Fig.
2), in the interacting case the symmetric states present
higher chemical potential than the antisymmetric ones,
which in turn have higher chemical potential than the
Bloch waves Ψj,±1.
Although other density-localized states can be built
(for example, states presenting two adjacent density
peaks in either in-phase or out-of-phase, staggered con-
figuration, see e.g. Ref. [32]), we will focus on states hav-
ing either one density peak or two separated out-of-phase
density peaks, for varying M , since they provide a repre-
sentative sample for the study of the generic properties of
localized states. As we will see in such states, for M > 3
and in the small coupling limit ~Ω/2gn  1, where
n is now the maximum density in the stack, the men-
tioned density peaks accumulate practically the whole
system density. In a symmetric state with Kx = 0, for
instance, the nearest-neighbor BECs j ± 1 of the peak-
density strand j follow stationary GP equations
g nj±1 ψj±1 − ~Ω
2
(ψj + ψj±2) = µψj±1 , (9)
which, assuming decreasing amplitudes ψj  ψj±1 
ψj±2, can be approximated up to first order in the neigh-
bor amplitudes by (~Ω/2)ψj ≈ −µψj±1, and µ ≈ g n.
As a result, the l-site BECs have amplitudes decreasing
in a factor
ψl
ψj
=
(
− ~Ω
2gn
)|l−j|
, (10)
for distances |l−j| away from the density peak at j. The
prototypical density profile is illustrated in Fig. 3, for
different values of the coupling and same chemical po-
tential, in a stack with M = 10. The bars indicate the
density at each j-th BEC as calculated from the numer-
ical solution of the Gross-Pitaevskii equations, while the
open symbols mark the values given by the analytical ap-
proximation Eq. (10). The same scenario takes place for
the antisymmetric states with M > 4, with decreasing
amplitudes of opposite signs at both sides of the nodal
strand.
IV. LINEAR EXCITATIONS
The almost lack of dissipation in ultracold-gas systems
makes the dynamical stability of the stationary states the
crucial issue for their experimental realization. For this
reason, in this section we analytically address the linear
stability of both Bloch waves and localized states in the
stack, to be compared in next sections with their nonlin-
ear dynamics. We make a general analysis based on the
Bogoliubov equations for the linear excitations [33] in or-
der to find the stable regimes. For Bloch waves, we have
also considered a long-wavelength excitation approach
(whose derivation is deferred to the Appendix) to de-
rive a resulting system of coupled sine-Gordon-like equa-
tions similar to usual models in superconducting Joseph-
son junctions [24].
A. Linear stability of Bloch waves
Let us consider the linear excitations [uj,k(x), vj,k(x)]
with energy ~ω around the stationary states (7). After
substituting Ψj,k(x, t) = exp (−iµkt/~)[
√
n exp i(k · r) +
uj(x) exp (−iωt) + v∗j (x) exp (iωt)] in the GP equation
(1), the excitation modes satisfy the Bogoliubov equa-
tions
Hk uj + g n e
i2k·rvj − ~Ω
2
(uj−1 + uj+1) = ~ω uj
(11)
−Hk vj − g n e−i2k·ruj + ~Ω
2
(vj−1 + vj+1) = ~ω vj ,
(12)
where Hk = −(~2/2m)∂2x + 2gn − µk. By making use
of the Fourier expansions uj(x) =
∑
q cq exp{i[(Kx +
qx)x + (Kk + qp)yj ]} and vj(x) =
∑
q dq exp{−i[(Kx −
qx)x + (Kk − qp)yj ]}, where qp = 2pip/Mδy is the
transverse momentum of the excitation for integer p =
60, ±1, ±2, . . . bM/2c, the Bogoliubov equations get de-
coupled for each two-dimensional wave number q =
(qx, qp):[
Ek,+ − ~Ω cos
(
2pi(k + p)
M
)]
cq + g n dq = ~ω cq ,
(13)
−
[
Ek,− − ~Ω cos
(
2pi(k − p)
M
)]
dq − g n cq = ~ω dq ,
(14)
where Ek,± = ~2(q2x±2Kx qx)/2m+gn+~Ω cos(2pi k/M).
Further, we introduce the linear combinations of modes
f
(q)
± = cq ± dq, so that
(ζqx + 2gn+ ~Ωαk,p) f
(q)
+ = ~
(
ω −Kx ~qx
m
− Ωβk,p
)
f
(q)
− ,
(15)
(ζqx + ~Ωαk,p) f
(q)
− = ~
(
ω −Kx ~qx
m
− Ωβk,p
)
f
(q)
+ ,
(16)
where ζqx = ~2q2x/2m is the kinetic energy of the modes
along each 1D BEC, and the transverse excitations are
defined through the parameters
αk,p = cos
(
2pik
M
)[
1− cos
(
2pip
M
)]
, (17)
and
βk,p = sin
(
2pik
M
)
sin
(
2pip
M
)
. (18)
Therefore, for each stationary state Ψk, by solving Eqs.
(15) and (16) for the frequency ω, we get the dispersion
relation of linear excitations
~ω = ~Kx ~qx
m
+ ~Ωβk,p
±
√
(ζqx + ~Ωαk,p) (ζqx + ~Ωαk,p + 2gn) , (19)
composed of M double branches corresponding to the
different values of p, which indexes the quasimomentum
excitation. Equation (19) provides the general result, as
a function of the parameters of the system {M, Ω, gn},
for the linear stability of Bloch states with momentum
k = (Kx,Kk) in a stack of coupled BECs. It gives rise
to complex frequencies, associated to dynamical insta-
bilities, for negative values of the expression inside the
square root. These are modulational instabilities that
break down the homogeneous density profile across the
stack. They can only appear if αk,p takes negative values,
which occurs for k > M/4. Hence, all the Bloch states
with constant density are dynamically stable if k ≤M/4,
irrespective of the coupling Ω. For increasing M , the first
stable Josephson current (k 6= 0) states correspond to
M = 4 and k = ±1, which are discrete transverse vor-
tices with circulation Γ±1 = ±4~/m (see Sect. V below).
This quasimomentum-dependence stability of the Bloch
waves resembles similar features of the discrete nonlinear
Schro¨dinger equation [32, 34]. As we show in Sects. V
and VI by analyzing some particular examples, the stabil-
ity features of Bloch states predicted by Eq. (19) are con-
firmed by the nonlinear dynamics as obtained from the
numerical simulations of the time-dependent GP Eq. (1).
Among the dispersion branches of Eq. (19), the p =
0 branch is always gapless (because αk,0 = βk,0 = 0),
whereas the rest present energy gaps given (at qx = 0)
by
~ωg = ~Ωβk,p ±
√
~Ωαk,p (~Ωαk,p + 2g n) , (20)
which show up even in the non-interacting (g = 0) case.
The speed of sound along each BEC (i.e. along the x
coordinate) can be calculated from the gapless branch of
the dispersion in the long-wavelength limit. In the frame
of reference moving with axial velocity ~Kx/m, it is:
c =
(
∂ω
∂qx
)
qx→0
=
√
gn
m
. (21)
These quantities, ~ωg and c, are relevant for the energetic
stability of the system, since they define thresholds, in en-
ergy and speed, respectively, for the superfluid excitation
by external perturbations.
In order to solve for the excitation spectrum, we choose
the usual Bogoliubov normalization,
∫
dx (|uj |2−|vj |2) =
1, for the modes (uj , vj) that have real energy values.
By selecting also real values for the Fourier amplitudes
cq and dq, it follows that |cq|2 − |dq|2 = f (q)+ f (q)− =
1/Lx, where Lx is the axial length of the BECs. With
this prescription we solve Eqs. (15)-(16) for the stable
excitation modes
f
(q)
+ = ±
1√
Lx
(
ζqx + ~Ωαk,p
ζqx + ~Ωαk,p + 2gn
)1/4
. (22)
The unstable excitation modes are associated with the
complex energies of Eq. (19). The corresponding nor-
malization reads
∫
dx (|uj |2 − |vj |2) = 0 [33], and we set∫
dx |uj |2 = 1. Then dq = cq exp(i2ϕq), and the unsta-
ble excitation modes are
f
(q)
± =
1√
Lx
[1± exp(i2ϕq)] , (23)
where, from Eqs. (15)-(16), the phase ϕq is given by
ϕq = atan
(
±
√
−ζqx + ~Ωαk,p + 2gn
ζqx + ~Ωαk,p
)
. (24)
1. Limit of long-wavelength excitations and small coupling.
As follows from the hydrodynamic approach for the
linear excitations of Bloch waves developed in the Ap-
pendix, in the long-wavelength regime and small Joseph-
son coupling, (Ωˆ = ~Ω/2gn)  1, the equations of mo-
tion for excitations in the relative phase φj and relative
7density ρj become:
1
c2
∂2ρj
∂t2
− ∂
2ρj
∂x2
− αk δ
2ρj
δy2
= 0 , (25)
1
c2
∂2φj
∂t2
− ∂
2φj
∂x2
− αk δ
2 sinφj
δy2
=βk
ρj+1 − ρj−1
δy2
, (26)
where αk = cos(2pi k/M) and βk = sin(2pi k/M). This
system of M pairs of equations describes the linear dy-
namics of the underlying array of junctions determined
by the GP Eqs. (1). The k-dependent factor αk mul-
tiplying the transversal (discrete) derivative indicates a
varying penetration length ξJ,k = δy/
√|αk|. The sine
functions in Eq. (26) should be formally substituted by
their arguments sinφj ≈ φj , since we have assumed a
linear regime. By keeping them, we highlight the corre-
spondence with a sine-Gordon-like equation, where kink
solutions can be found [2]. As a limiting case, the kink-
type solutions have demonstrated to be useful in the
search of solitonic states in the nonlinear dynamics of
two-component condensates [13, 14, 17, 18, 35].
Equations (25)-(26) admit plane wave solutions with
the same phase shifts across the stack previously found
in Eq. (6):
ρj,k,p(x, t) = cq exp [i(qxx+ qpyj − ωk,p t)] ,
φj,k,p(x, t) = dq exp [i(qxx+ qpyj − ωk,p t)] , (27)
with transverse momentum qp = 2pip/Mδy. After substi-
tution, one gets the amplitude relation cq = i ν dq, where
ν is a real number, and the double-branched dispersion
ω
(1)
k,p = c
√
q2x +
2
δy2
αk,p ,
ω
(2)
k,p = c
√
q2x +
2
δy2
(αk,p + νβk,p) . (28)
For βk = 0 (that is, when k = 0 or k = M/2, and
αk = ±1) both branches coincide, in agreement with
the Bogoliubov dispersion Eq. (19) in the small coupling
limit, Ωˆ  1, considered here. The gaps are given by
ω
(1)
k,p = c
√
2αk,p/δy. Additionally, for qp  1 the disper-
sion can be written as ωk,p = c
√
q2x ± q2p, which is the
usual dispersion ω = c |q| of a continuous (relativistic)
2D system when k = 0, and contains instabilities when
k = M/2 for |qp| > |qx|.
The second dispersion branch ω
(2)
k,p, is not fully consis-
tent with the Bogoliubov spectrum for βk,p 6= 0, unless
ν = 1 and the limit ~Ω → 0 were considered. Such in-
consistencies have been previously found in two coupled
condensates (see e.g. [9]), and arise from neglecting the
quantum pressure term. As a consequence, and as usual
within this approximation, the validity of this hydrody-
namic model gets restricted to the lowest energy exci-
tations (long-wavelength excitation modes of the lowest
energy branch), which is equivalent to consider decoupled
wave equations (25)and (26), neglecting the right hand
side of the latter, for the relative densities and phases.
B. Linear stability of localized states
We study the stability of the previously introduced
standing-wave states having one or two density peaks
in the stack of constant density BECs. The analysis of
the simplest systems with M = 3, 4 components serves
as an insightful starting point, with straightforward an-
alytical solutions for the antisymmetric states. For a
generic M value, we focus on the small coupling limit
(Ωˆ = ~Ω/2gn)  1, where now n is the peak (or maxi-
mum) density in the stack.
The wavefunctions of the antisymmetric states with
M = 3 are: Ψa2,|1| = 0 and Ψ
a
3,|1| = −Ψa1,|1| =√
n exp[i(Kx x − µa|1|t/~)], where the chemical potential
is µa|1| = ~
2K2x/2m + gn + ~Ω/2. Note that the station-
ary phase pattern of these nonlinear states (for Kx = 0
and t = 0) is determined by the corresponding linear
state of this family (at g = 0), in this case we set
Ψaj,|1| ∝ sin(2pi (j+1)/3). Two pairs of Bogoliubov equa-
tions are obtained, namely for the first BEC with j = 1:
Ha|1| u1 + g n e
i2Kxxv1 − ~Ω
2
(u2 + u3) = ~ω u1 , (29)
−Ha|1| v1 − g n e−i2Kxxu1 +
~Ω
2
(v2 + v3) = ~ω v1 , (30)
where Ha|1| = −(~2/2m)∂2x + 2gn − µa|1|, and identical
equations follow for the j = 3 BEC component by swap-
ping indexes 1 and 3; and for the nodal j = 2 component(
− ~
2
2m
∂2
∂x2
− µa|1|
)
u2 − ~Ω
2
(u1 + u3) = ~ω u2 , (31)
−
(
− ~
2
2m
∂2
∂x2
− µa|1|
)
v2 +
~Ω
2
(v1 + v3) = ~ω v2 . (32)
As previously, making use of the Fourier expan-
sions uj(x) =
∑
q cq exp{i[(Kx + qx)x]} and vj(x) =∑
q dq exp{−i[(Kx−qx)x]}, after some algebraic manipu-
lations, we get the following six branches of the spectrum:
~ωa|1| = ~Kx
~qx
m
±
√
(ζqx − ~Ω)(ζqx − ~Ω + 2gn),
~ωa|1| = ~Kx
~qx
m
±
√(
ζqx −
3~Ω
2
)(
ζqx −
3~Ω
2
± 2gnγ(3)
)
− λ(3) ~Ω
2
gn,
(33)
where γ(3) =
√
(1− Ωˆ/2)2 + 2Ωˆ2, and λ(3) = 1 − 9Ωˆ/4.
As is apparent from the negative values of the radicand,
the system is unstable.
The analysis is simpler for the antisymmetric states
with M = 4, where the wave functions are Ψa3,|1| =
−Ψa1,|1| =
√
n exp[i(Kx x−µa|1|t/~)], and Ψa2,|1| = Ψa4,|1| =
0, and the chemical potential does not depend on the cou-
pling µa|1| = ~
2K2x/2m+gn. Similar manipulations of the
8corresponding Bogoliubov equations as before, which co-
incide with Eqs. (29) to (32), lead to the eight branches
of the spectrum
~ωa|1| = ~Kx
~qx
m
± (ζqx − gn) ,
~ωa|1| = ~Kx
~qx
m
±
√
ζqx(ζqx + 2gn) , (34)
~ωa|1| = ~Kx
~qx
m
±
(
γ(4) ±
√
(γ(4))2 − (λ(4))2
) 1
2
,
where γ(4) = ζ2qx + (~Ω)
2 + (gn/2)2 and λ(4) = [ζ2qx −
(~Ω)2−(gn)2 ]2−(gn)2(ζqx−gn)2. Different to the M = 3
case, and although the last expression in (34) can in gen-
eral produce imaginary frequencies, it is still possible to
find dynamically stable states (with only real frequencies)
in the small coupling regime whenever λ(4) < γ(4).
The symmetric states involve a more cumbersome
algebra. For the simplest stack with M = 3, the
chemical potential is µs|1| = ~
2K2x/2m + (2gns1,|1| +
gδns1,|1| − ~Ω/2 +
√
(gδns1,|1| + ~Ω/2)2 + 2(~Ω)2 )/2,
where δns1,|1| = n
s
2,|1| − ns1,|1| is the density contrast be-
tween components, which increases with the chemical
potential for a given coupling. An asymptotic analysis
can be readily done in the small coupling limit Ωˆ  1,
where the densities fulfill (ns2,|1| ≈ nT )  (ns1,|1| =
ns3,|1|). Then Ψ
s
2,|1| =
√
n exp[i(Kx x − µs|1|t/~)] and
(Ψs1,|1| = Ψ
s
3,|1|) ≈ −Ωˆ Ψs2,|1|, and the chemical poten-
tial is µs|1| ≈ ~2K2x/2m + gn. In this approximation, the
Fourier expansion of the excitation modes leads to the
same functional form of the spectrum (34) with the sub-
stitution of ~Ω by ~Ω/
√
2. As a consequence, dynamical
stability of the (one-peak) symmetric states is also ex-
pected in the small Ωˆ regime. In this case, the strong lo-
calization of the density in a single strand, with neighbor
densities decreasing as powers of Ωˆ2, allows the stabil-
ity prediction to be extended to arbitrary M , and even
to systems with open boundary conditions. Furthermore,
the same analysis also applies to the (two-peak) antisym-
metric states with M > 4. As we later demonstrate in
Sect. VI, the numerical solutions of both the Bogoliubov
equations for the linear excitations and the GP equation
for the nonlinear time evolution confirm these predic-
tions.
V. TRANSVERSE JOSEPHSON VORTICES
In this section we compare the stability predictions of
the linear analysis for Bloch wave states with the nu-
merical solutions of the GP Eq. (1) for representative
sets of parameters. Just for the purpose of showing two
different examples, we consider one case with zero axial
momentum Kx = 0 and another with Kx 6= 0. As we will
see, the linear predictions coincide with the numerical
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FIG. 4. Dispersion relations for constant density states in a
M = 3 stack with ~Ω = 0.2 gn and Kx = 0. The p index la-
bels the excitation modes of each stationary state (see text).
The horizontal axis measures the axial quasimomentum ex-
citation qx in (inverse of) healing length ξ units. Top panel:
Energy excitations of the Bloch wave with k = 1 and chem-
ical potential µ1/gn = 1.1. For the unstable modes p = ±1,
only the imaginary part of the complex frequency ~ Im(ω) is
represented (dotted line). Bottom panel: Energy excitations
of the ground state with k = 0 and µ0/gn = 0.8.
results of the nonlinear dynamics, and in particular, sta-
ble transverse Josephson vortices (associated with Bloch
waves having non-zero circulation) are found.
A. Case M = 3 and Kx = 0
The Bloch waves have quasimomentum Kk for values
of k = 0,±1. Let us analyze the solutions for each par-
ticular case:
• k = 0 : This is the ground state for given in-
teraction strength and total density. All the
components share the same wave function ψ0 =√
n exp (−iµ0t/~), with chemical potential µ0 =
gn − ~Ω. By using the parameters α0,p =
{0 , 3/2, 3/2} and β0,p = {0, 0, 0}, with p = 0,±1,
the dispersion curves, ω0,p , are
~ω0,0 = ±
√
ζqx (ζqx + 2gn) , (35)
~ω0,±1 =
√(
ζqx +
3~Ω
2
)(
ζqx +
3~Ω
2
+ 2gn
)
. (36)
These expressions are plotted in the bottom panel
of Fig. 4 for a system with ~Ω = 0.2 gn. As ex-
pected, all the excitation energies are real, and the
state is stable.
• k = 1 : The wave functions for the BEC compo-
9FIG. 5. Decay of a Bloch state with k = 1 and constant den-
sity in a M = 3 stack with ~Ω = 0.2 gn and Kx = 0. The time
evolution of the axial phases (top panels) and the axial densi-
ties (bottom panels) is shown for each BEC component, from
left to right, j =1, 2, 3. The labels in the top panels indicate
the corresponding phases θj of the stationary configuration.
The initial state (at t = 0) has been seeded with a random
Gaussian perturbation (less than 1% in amplitude). On the
horizontal axis, the axial length is measured in healing length
ξ units.
nents are:
ψ1,1 =
√
n exp [i(2pi/3− µ1t/~)] , (37)
ψ2,1 =
√
n exp [i(4pi/3− µ1t/~)] , (38)
ψ3,1 =
√
n exp [i(2pi − µ1t/~)] , (39)
which configure a discrete anti-vortex of circulation
Γ1 = −3
√
3~/2m around the discrete y-direction.
Analogously, the Bloch wave with k = −1 corre-
sponds to an (energetically degenerate) vortex with
opposite circulation Γ−1 = −Γ1. The chemical po-
tential is µ1 = gn+~Ω/2 and the parameters α1,p =
{0 ,−3/4, −3/4} and β1,p = {0 , 3/4, −3/4}. The
resulting dispersion curves, ω1,p , are:
~ω1,0 = ±
√
ζqx (ζqx + 2gn) , (40)
~ω1,1 =
3~Ω
4
(41)
±
√(
ζqx −
3~Ω
4
)(
ζqx −
3~Ω
4
+ 2gn
)
,
~ω1,−1 = −3~Ω
4
(42)
±
√(
ζqx −
3~Ω
4
)(
ζqx −
3~Ω
4
+ 2gn
)
.
The upper panel of Fig. 4 depicts these expressions
for a system with ~Ω = 0.2 gn. For ω1,±1 , the
negative signs under the square root indicate the
presence of instabilities on the vortex state. An ex-
ample of the decay dynamics of this unstable vor-
tex state is shown in Fig. 5. The graph depicts
the real time evolution of the system after imprint-
ing a small random perturbation on the stationary
state. The data, axial phases (top panels) and ax-
ial densities (bottom panels) for each component,
have been obtained from the numerical solution of
the GP Eqs. (1) with periodic boundary conditions
in the axial coordinate, given in units of the healing
length ξ. As can be seen, the stationary configura-
tion survives for a time lapse of around t ≈ 10 ξ/c,
beyond which soliton-like structures (tracing thick,
dark paths on the axial density plots) appear, pro-
ducing strong density and phase modulations. Dif-
ferent noise seeds on the initial state produce dif-
ferent density and phase patterns during the de-
cay dynamics, with the only common feature of the
emergence of several, interacting solitons.
B. Case M = 4 and Kx 6= 0: stable Josephson
vortices with k = ±1
Here we consider arbitrary axial momentum (Kx)
states. The Bloch waves have k = 0,±1, 2, and the exci-
tation modes have also p = 0,±1, 2.
• k = 0 : This corresponds to the ground state for
a given Kx, ψ0 =
√
n exp (iKx x− iµ0t/~), with
chemical potential µ0 = gn + ~2K2x/2m − ~Ω, and
system parameters α0,p = {0 , 1, 1, 2} and β0,p =
10
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FIG. 6. Same as Fig. 4 for constant density states in a M =
4 stack with ~Ω = 0.2 gn and Kx ξ = 0.1. The top panel
corresponds to the (unstable) Bloch wave with k = 2, whereas
the bottom panel shows the linear excitations of the (stable)
Bloch waves with k = 0 and k = 1. Only the imaginary part
(dotted curves) is plotted for the unstable frequencies.
{0, 0, 0, 0}. The dispersion curves read:
~ω0,0 =
~2Kxqx
m
±
√
ζqx (ζqx + 2gn) , (43)
~ω0,±1 =
~2Kxqx
m
(44)
±
√
(ζqx + ~Ω) (ζqx + ~Ω + 2gn) ,
~ω0,2 =
~2Kxqx
m
±
√
(ζqx + 2~Ω) (ζqx + 2~Ω + 2gn) . (45)
These expressions are plotted in the bottom panel
of Fig. 6 for a system with ~Ω = 0.2 gn and Kx ξ =
0.1.
• k = 1 : The chemical potential is µ1 =
gn + ~2K2x/2m, and α1,p = {0, 0, 0, 0}, β1,p =
{0 , 1, −1, 0}. The wave functions are:
ψ1,1 = −ψ3,1 = i
√
n exp [i(Kx x− µ1t/~)] ,
ψ4,1 = −ψ2,1 =
√
n exp [i(Kx x− µ1t/~)] , (46)
which yield a discrete, transverse vortex of circula-
tion Γ1 = 4~/m. The interesting property of this
state is its stability, irrespective of the axial mo-
mentum, which allows for its experimental realiza-
tion. The dispersion curves ω1,p contain only real
frequencies (see Fig. 6):
~ω1,0 = ~ω1,2 =
~2Kxqx
m
±
√
ζqx (ζqx + 2gn) , (47)
~ω1,1 = ~
(
~Kxqx
m
+ Ω
)
±
√
ζqx (ζqx + 2gn) , (48)
~ω1,−1 = ~
(
~Kxqx
m
− Ω
)
±
√
ζqx (ζqx + 2gn) . (49)
We have also performed numerical simulations of
the real time evolution of these states for ~Ω =
0.2 gn and Kx ξ = 0.1 (same parameters as in
Fig. 6). Our numerical results obtained from the
solution of the GP Eqs. (1), after seeding a ran-
dom perturbation in the stationary state, confirm
the dynamical stability of this state, since the ini-
tial configuration (46) keeps robust against the per-
turbations.
• k = 2 : This state lies at the edge of the Bril-
louin zone, having maximum chemical potential
µ2 = gn + ~2K2x/2m + ~Ω, and parameters α2,p =
{0 ,−1, −1, −2} and β2,p = {0, 0, 0, 0}. The wave
function in each BEC component is:
ψ1,2 = ψ3,2 =
√
n exp [i(Kx x− µ2t/~)] , (50)
ψ2,2 = ψ4,2 = −
√
n exp [i(Kx x− µ2t/~)] . (51)
In this state the Josephson circulation vanishes,
Γ2 = 0, and the system presents a sequence of
pi−Josephson junctions which are unstable. This
feature is captured by the linear dispersion, which
shows several unstable branches
~ω2,0 =
~2Kxqx
m
±
√
ζqx (ζqx + 2gn) , (52)
~ω2,±1 =
~2Kxqx
m
(53)
±
√
(ζqx − ~Ω) (ζqx − ~Ω + 2gn) ,
~ω2,2 =
~2Kxqx
m
±
√
(ζqx − 2~Ω) (ζqx − 2~Ω + 2gn) . (54)
Again our numerical simulations with the time-
dependent GP Eqs. (1), for such a state with ~Ω =
0.2 gn and Kx ξ = 0.1, confirm the linear prediction
and show the decay of the initial, constant density
state.
VI. NONLINEAR DYNAMICS OF LOCALIZED
STATES
We study the nonlinear dynamics of the localized states
with one or two density peaks in the stack of constant
density BECs. First, we numerically solve the Bogoli-
ubov equations in order to check the linear stability of
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FIG. 7. Time evolution of an antisymmetric state of the fam-
ily |k| = 1 and zero axial momentum in a M = 3 stack of
axial length Lx = 155 ξ with periodic boundary conditions.
Despite the small coupling, ~Ω = 4 × 10−3 gn, the system
is dynamically unstable. The BECs j =1, 2, 3 correspond
to the panels from left to right. The initial state has been
seeded with a random Gaussian perturbation (less than 1%
in amplitude).
the corresponding stationary state. Next, we perform the
real time evolution with the GP Eq. (1) of this state after
adding perturbative noise.
As predicted by the linear analysis of Sect. IV B, in
the simplest stack with M = 3, the nonlinear dynamics
of the antisymmetric states is unstable. To illustrate a
typical decay process, Fig. 7 shows the real time evo-
lution of an antisymmetric state with small coupling,
~Ω = 4 × 10−3 gn, and zero axial momentum, Kx = 0.
The data have been obtained from the numerical solu-
tion of GP Eq. (1) with periodic boundary conditions in
the axial coordinate. The axial length is Lx = 155 ξ. As
can be seen, the initial nodal strand (middle panels in
Fig. 7) remains unpopulated during the whole evolution,
and its phase is essentially undefined. The decay process
is qualitatively different to the Bloch wave case presented
in Fig. 5. The asymmetric state shows robust features of
structural stability, roughly keeping the initial density
pattern across the stack.
On the contrary, we have checked that the nonlinear
evolution of the symmetric state with M = 3, for the
same parameters used above, is stable against perturba-
FIG. 8. Time evolution of a stable, one-peak-symmetric state
with zero axial momentum in a M = 10 stack with the same
parameters as the case of Fig. 7. (a) The phase (top) and
density (bottom) of the peak-density strand (middle) and the
two adjacent strands (sides) are shown. (b)Two snapshots at
different times of the local density (bottom panel) and the
local phase (top panel) of the peak-density strand during the
time evolution with initial perturbative noise.
tions. For larger stacks (we have performed simulations
up to M = 11), our numerical results show that both the
antisymmetric states (with two density peaks) in stacks
with M ≥ 4, and the symmetric states (with one den-
sity peak) in stacks with M ≥ 3 are also stable for the
mentioned small coupling. However, the stability is lost
at higher coupling values (at ~Ω & 1 × 10−2 gn for the
parameters mentioned before). As a case example of sta-
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bility, the time evolution of a symmetric state in a stack
with M = 10 components is shown in Fig. 8. In the top
panels (a), only the peak-density strand and its nearest
neighbours are shown, since the other components have a
practically null density. The initial, t = 0, state has been
seeded with perturbative noise, the detailed evolution of
which at intermediate times is depicted on the bottom
panels (b) for the peak-density strand. As can be seen,
the initial localized configuration is robust against the
perturbations. Due to the strong density localization,
the dynamics is insensitive to the change in the bound-
ary conditions. Our results show that a one-peak state
with open-boundary conditions follows a dynamics which
is indistinguishable from that shown in Fig. 8.
VII. DISCUSSION AND CONCLUSIONS
The rich phenomenology presented by the stacks of
parallel Josephson junctions can be readily realized in ul-
tracold atomic gases by means of 1D or 2D optical lattices
[28, 29]. These systems support nonlinear states whose
dynamics reflects the interplay of continuous (along the
axial x-direction of the BECs) and discrete (across the
stack) features, and are promising candidates for pursu-
ing technical applications with close similarities to super-
conducting and photonic devices. In this work, we have
contributed to this goal and have demonstrated the ex-
istence and stability of simultaneous superfluid currents
flowing through both directions of a 2D stack. While the
translation invariance along the x-axis allows for the ex-
citation of axial-momentum eigenstates, the periodic ar-
rangement of Josephson junctions induced by the linear
coupling permits transverse Bloch waves carrying tun-
neling supercurrents. If the stack shapes a closed loop,
these Josephson currents around it yield non-regular vor-
tices whose circulation is a generic non-integer multiple
of h/m.
The dispersion relations of the transverse Josephson
vortices have been obtained from the analytical solution
of the linear Bogoliubov equations for the condensate ex-
citations, and compared against the nonlinear time evo-
lution of these states as given by the numerical solution of
the Gross-Pitaeskii equation. In all the cases, the subse-
quent nonlinear dynamics is consistent with the stability
predictions of the linear anaysis.
For the sake of comparison with the usual coupled-sine-
Gordon-equation model for coupled superconductors, a
further linear analysis of the transverse Josephson vor-
tices has been performed in the hydrodynamic limit. As
a result, we have derived linear wave-like equations for
the relative phases and densities of the BEC components
that resemble the mentioned model in the limit of small
coupling.
We have also shown that the Josephson supercurrents
are suppressed in steady states that break the symmetry
of the discrete lattice and can present a strong local-
ization across the stack. These nonlinear states belong
to continues families of solutions to the Gross-Pitaevskii
equation that can be tracked up to the non-interacting
regime, where they are linear superposition of degener-
ate Bloch waves with opposite quasimomentum. Among
these families, the gap-soliton-like states showing one or
two dominant density peaks find dynamical stability in
finite systems within a small coupling regime.
The exploration of different topologies in the stack,
or the effect of exposing the system to synthetic gauge
fields [28], stand out as interesting ways of extending the
present work that will be reported elsewhere.
APPENDIX: LONG-WAVELENGTH
EXCITATIONS. HYDRODYNAMIC APPROACH
We start by introducing low energy perturbations
[δnj(x, t), δθj(x, t)] around the density and the phase
of an equilibrium state Ψj =
√
nj exp(iθj) −→√
nj + δnj exp(iθj + iδθj). Then, we substitute the per-
turbed states in Eqs. (2) and (3), and keep terms up to
first order in the perturbations. We focus on the analysis
of Bloch states with nj = n. The mentioned procedure
leads to
1
n
∂δnj
∂t
= − ~
m
∂2δθj
∂x2
− Ω
(
αk(sin δθj+1,j − sin δθj,j−1) + βk δn¯j+1,j − δn¯j,j−1
2n
)
,
(A.55)
∂δθj
∂t
= −gδnj
~
(A.56)
− Ω
2
(
βk(sin δθj+1,j + sin δθj,j−1)− αk δnj+1,j − δnj,j−1
2n
)
,
where δθlj = δθl−δθj , δnlj = δnl−δnj , δn¯lj = δnl+δnj
are the perturbations in relative phase, relative density
and total density, respectively, and αk = cos(2pi k/M),
βk = sin(2pi k/M). As usual in a long-wavelength ap-
proximation, we have dropped the quantum-pressure
term in Eq. (A.56). For reasons that will become ap-
parent later, we have kept the sine functions (sin δθlj)
even in the linear approximation in order to track the
Josephson currents, but they will be replaced by their
argument (for consistency within the assumed first order
approximation) at intermediate steps of the analytical
derivations.
In what follows, we use the short notation ρj =
δnj+1,j/n, ρ¯j = δn¯j+1,j/n, φj = δθj+1,j , and also
φ¯j = δθj+1 + δθj for the total phase. Since these quan-
tities appear explicitly in previous expressions, we look
for their equations of motion by adding and subtracting
Eqs. (A.55) and Eq. (A.56) for consecutive components.
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For the relative quantities we get
∂ρj
∂t
= − ~
m
[
∂2φj
∂x2
+αk
δ2 sinφj
δy2
+βk
ρj+1 − ρj−1
2 δy2
]
(A.57)
∂φj
∂t
= −mc
2
~
ρj+
~
m
[
αk
4
δ2ρj
δy2
− βk sinφj+1 − sinφj−1
2 δy2
]
, (A.58)
where the discrete operator δ2 acts as δ2fj = fj+1 −
2fj + fj−1. Exactly the same equations are obtained for
the total quantities substituting ρ by ρ¯ and φ by φ¯.
As can be seen, relative and total quantities are de-
coupled in pairs of equations (A.57)-(A.58). Within each
pair, by taking the time derivative of one of the equa-
tions and making use of the others, wave-like equations
are obtained:
1
c2
∂2ρj
∂t2
−
(
(1 + Ωˆαk)
∂2
∂x2
+ (αk + Ωˆ)
δ2
δy2
)
ρj
+
Ωˆ
2
(
αk
∂2
∂x2
+ (α2k − β2k)
δ2
δy2
)
(ρj+1 + ρj−1)
−2Ωˆβk
(
∂2
∂x2
+ αk
δ2
δy2
)
(φj+1 − φj−1) = 0 , (A.59)
1
c2
∂2φj
∂t2
−
(
(1 + Ωˆαk)
∂2
∂x2
+ (αk + Ωˆ)
δ2
δy2
)
φj
+
Ωˆ
2
(
αk
∂2
∂x2
+ (α2k − β2k)
δ2
δy2
)
(φj+1 + φj−1)
−βk
(
1− Ωˆ
2
αk δ
2
)
ρj+1 − ρj−1
δy2
= 0 , (A.60)
where Ωˆ = ~Ω/2gn. This system of M pairs of equations
describes the linear dynamics of the BEC stack in the
limit of long-wavelength excitations.
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